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Abstract: In this research, active control of vibrations of a simply supported 
rectangular plate is investigated by a new method. At first, differential equation 
of motion of a plate with piezoelectric patches is developed by means of classical 
plate theory in order to apply in this method, and a local function is used for 
applying the mass and stiffness effects. Then, natural frequencies and 
modeshapes of the plate with patches are obtained using Fourier series. A PID 
controller is designed and closed loop poles are calculated. Forced response of 
the system and mode shapes will be calculated using Laplace transform.  The 
effect of PID on active control of plate is investigated simply for the first time. 
Some examples are presented to illustrate the validity of this method.  
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ĩǀƞƸƃźÒ�Ư� Ƶŵřŵ� ƶƘſƺţƾŵƺƃ��� ƖūřźƯ� Źŵ@æè� >� ƹ@æé� >Ĩƿ���
ƩƺƯźƟ�Źŵ�Ŝǀţźţ�ƶŝ�ƮǀŴƋ�ơŹƹ�ƩŚƘƟ�ƩźŤƴĩ�ƽřźŝ�ŵƹŶŰƯ�řżūř�ƽŶƴŝ

� šŚƃŚƘţŹřŢſř� ƵŶƃ� ƶŗřŹř� ƽŹŚŞūř� ƹ� ŵřŻō� �� ƖūźƯ� Źŵ@æê>�Ĩƿ���
ƩƺƯźƟơŹƹ�ƁŚƘţŹř�ƩźŤƴĩ�ƪů�ƽřźŝ�ƽŶƴŝ�Żř� ƵŵŚƠŤſř� Śŝ�ħŻŚƳ�ƽŚƷ
ƶƬƇƹŚƷƽƾƯ� ƶŗřŹř� ĨƿźŤĪƫřƹżǀě� źĮƬưƗ� ƹ� źĮƀů�ŵƺƃ� ��ƪů� ƁƹŹ

�ƪƯŚƃ� řŹ�ƾƫřźĮŤƳř�ƶƫŵŚƘƯ�Ĩƿ�ƶŝ�ĨƿźŤĪƫřƹżǀě�ƩźŤƴĩ�ƶƬŘƀƯ�ƪƿŶŞţ
ƶƬŘƀƯ�ƾĮŤſƺǀěŚƳ�ƶƬǀſƹ�ƲƿŶŝ�ƹ�ŵƺƃ�ƾƯžƳŚĩźƟ�ƹ�ƵŶƃ�ƑŚŰƫ��ƽŚƷ

ƾƯ�Ţſŵ� ƶŝ�ƾƘǀŞƏŶƴƿō� �ř� ŹŵƿžƳŚĩźƟ� ŚƸƴţ� ƖūźƯ�ƲŚƷƽŞƏ�ǀƘƾ�
řźŝ� ƹ� ƵŶƃ� ƶŞſŚŰƯ� ŶƴưƃƺƷ� ơŹƹƽƃƹŹ� ƶƫŵŚƘƯ� ƪů�ƾ�ƵŶƄƳ� ƶŗřŹř�

Ţſř� �� ƖūźƯ@æë� >ƩŶƯ� ƶŝ� ơŹƹ� ƾŤƴſ�ƽŹƺŘţ� Żř� ƵŵŚƠŤſř� Śŝ�ƽŻŚſ
ƶƬƇƹ�Ĩƿ�Śŝ�ơŹƹ�ƪǀƀƳřźƠƿŵ�ƶƫŵŚƘƯ�ƹ�ƶŤųřŵźě�źĮƬưƗ�ƹ�źĮƀů�ƽŚƷ

ƀů�ƶƬƇƹŢſř�ƵŵŹƹō�Ţſŵ�ƶŝ�řŹ�źĮƬưƗ�ƹ�źĮ��ř�Źŵ�ŚƯřƿ�ƪů�ƖūźƯ�Ʋ
řƿŵ� ƶƫŵŚƘƯ�ƲƿƀƳřźƠǀƬŰţ�ƁƹŹ� ƶŝ� ơŹƹ� ƩŚƘƟ� ƩźŤƴĩ� ƹ�ƪǀƬƾ�ƭŚŬƳř�

Ţſř�ƵŶƄƳ���
�Ŷƃ�ƵŶƷŚƄƯ�ƶĩ�ŹƺƐƳŚưƷŚƷŹŚĩ�ŹŵƽƺƳ�ƶŤƃŸĭ�ƿ�ƱŚĭŶƴƀ�ƩźŤƴĩ�Źŵ

ƵŻŚſ�ƩŚƘƟŚƷŤŴſ�šřźŧř�ƾƶƬƇƹ�ƭźū�ƹ�ƁƹŹ�Żř�ƵŵŚƠŤſř�Śŝ�řŹ�ŚƷŚƷƽ�
ƬŰţǀƬƾ�ƩŶƯ�ƵŵźĪƳřŶƳřźŝ� ƵŹřƺưƷ� ƹ�ƽř�ƲŤƟźĭ� źƔƳ� Źŵ�ƿ�Żř�šřźŧř�Ʋ

ƁƹŹŚƷƽŵŶƗ�ƽƵŵźĩ� ƵŵŚƠŤſř�ŶƳř�ŵřŶƘţ� Ŷƴģ� źƷ�ƽƤƤŰƯ� Żř�ǀ�Ʋ
ƶƬƇƹŚƷƽƵŵźĩ�ƩŶƯ� řŹ�źĮƬưƗ�ƹ�źĮƀů��Ţſŵ�ƶŝ�šǇŵŚƘƯ�Żř� ŚƯř�ŶƳř

ƵŵźĪƳ�ƵŵŚƠŤſř�ƩŚƘƟ�ƩźŤƴĩ�Źŵ�ƵŶƯōŶƳř����
ƽřźŝ�ƾƬǀƬŰţ�ƁƹŹ�Ĩƿ�ƶŗřŹř�ƲƿřźŝŚƴŝŵ�ƶƫŵŚƘƯ�ƪů�ƿƀƳřźƠǀƬƾŢĩźů��

ƹ� ŶƴưƃƺƷ� ơŹƹ�ŤƳ� Źŵǀ� ƶŬƩŚƘƟ� ƩźŤƴĩƱō�šŚƃŚƘţŹř���Ư�Źřźƣ� źƔƳŶ
Ţſř�ƶŤƟźĭ���

ř� ŹŵƿƤŰţ� ƲǀƶǀĪţ� Śŝ� ơŹƹ� ƵŻŚſ� ƩźŤƴĩ� ƢŻř� ƵŵŚƠŤſř� Śŝ� ƵŵŚſ� ƵŚĭ���
ƶƬƇƹŚƷƽ� řżŬƯ� ĨƿźŤĪƫřƹżǀě�ƾƃƹŹ� ŚŝƬŰţ�ǀƬƾƹ�� ŶƿŶū�ƾſŹźŝ����

                                                 
1�- brick element 
2�- transition element 
3�- solid elements 
4�- falt-shell elements 
5 - Kirchhoff� 
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ƾƯŵƺƃ� �řŶŤŝř� ŹŵũřźŴŤſř�ŵ� ƶƫŵŚƘƯ�ƿƀƳřźƠǀơŹƹ� ƪƶƬƇƹ� Śŝ�ŚƷƽ�
ěǀźŤĪƫřƹżƿĨŹƺŘţ� Żř� ƵŵŚƠŤſř� Śŝ�ƽŤƴſ�ƾơŹƹ�� ƖūźƯ� Żř� �@æë>��Śŝ�

ƾţřźǀǀƜţ�ƩŚưƗř�ŗřŹřƾƯ�ƶ�ƲĮưƷ�ŢƫŚů�Źŵ�Ʊō�ƪů�ƽřźŝ�žĜſ�ƹ�ŵƺƃ
ƾƯ�ƵŵŚƠŤſř�ŽǈěǇ�ƪƿŶŞţ�Żř�ƲĮưƷŚƳ�ŢƫŚů�Źŵ�ƹ�ƶƿŹƺƟ�ƽźſ�Żřŵƺƃ��

ƶƬƇƹ�šřźŧř� ƭŚưţ� ƶĩ� ŚŬƳō� Żřŵ� ƶƫŵŚƘƯ� Źŵ� ŚƷƿƀƳřźƠǀƬƾ�ơŹƹ�Ţĩźů�
ƵŶƃ�ƑŚŰƫ�Ţſř�ŵ�ƶƫŵŚƘƯ�ƪů�Śŝ�ƿƀƳřźƠǀƪ�Ƴ�ơŹƹ�ƩŚƘƟ�ƩźŤƴĩ�ǀ�Śŝ�ż
ǇŚŝ�Ţƣŵƾƿřźŝ�ƽơŹƹ�ŚƷƽƯ� ƭŚŬƳř�ħŻŚƳ�ƾŵƺƃ�ř� Źŵ�ƿ�ƲưƋ� ŹŚĩ�Ʋ

řƿ�ƲǀưŴţ�Źŵ�ĨƿźŤĪƫřƹżǀě�ƶƘƐƣ�ƶŝ�ƍƺŝźƯ�ƭźū�ƹ�ƾŤŴſ�šřźŧř�ƶĪƴ
ưƳ�ƶŤƟźĭ�ƵŶƿŵŚƳ�ơŹƹ�ƾĪǀƯŚƴƿŵ�šŚƈŴƄƯƾŶƳƺƃ�ŚŤƳ�ƿ�ƩŚƘƟ�ƩźŤƴĩ�Ū

ƩźŤƴĩ�źŧř�ƹƵŶƴƴĩŚƷƽ�PIDƹŹ�ƽřŵ�ƁźŤƀĭ�ơŹƹ�ƩźŤƴĩ�Ư�Ƶŵƾŵƺƃ���
��

ç�ƩŶƯ�ŻŚſƽƩƺƯźƟ�ƹ�Ŷƴŝƽ��
ƪĪƃ��æ��ƿ� ƵŻŚſ�ĨŶƴưƃƺƷƯ�ƱŚƄƳ� řŹ�ƾĩ�ŶƷŵƶ�ƘƐƣƶ�ƹ� źĮƀů�

�źĮƬưƗěǀźŤĪƫřƹżƿƹŹ�ĨƽƵŶƃ�ƪƈŤƯ�Ʊō�ŶƳř���
��

��
ƪĪƃ�æ��ŮƐſ�ƶŝ�ƪƈŤƯ�ĨƿźŤĪƫřƹżǀě�ƶƬƇƹ��

��
ƶƬƇƹŚƷƽě�ǀźŤĪƫřƹżƿŞƐƣ�ŢƯŚŴƋ�ŢƸū�Źŵ�ĨƾƯ�ƾ�ŭƺƐſ�ƹ�ŶƳƺƃ
ƬƇřƾ�ŚƸƳō�ſƹ�ƶŝǀŚƷŵƹźŤĪƫř�ƶƬƽģŚƳ�ŢƯŚŴƋ�Śŝ�ǀƃƺě�żǀƯ�ƵŶƾŶƳƺƃ��

�ƶŰƠƇz = 0�ƾƯ�ƱŚƄƳ�řŹ�ơŹƹ�ƾƳŚǀƯ�ƶŰƠƇŶƷŵ�ŹƺŘţ�ƽǇ�ơŹƹ�ƿƶřƽ�
ŤƴſƾƶƘſƺţ� ƶĩ��ŹƺŘţƽŤƴſ� ơŹƹ�ƾ��ĩǀƞƸƃź� �řźŝƽơŹƹ�ŚƷƽ�

ŻƺĜƯŚĩƿŤƾǇ�ƿƶřƽŢſř���ƯǀƱřŶŚƷƽŚŬŝŚū�ƾƿ��šŹƺƇ�ƶŝ�řŹŻƿ�ƉźƟ�ź
ƯƾŶƴĩ���
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�Żř�ƶĩ�ŶƴŤƀƷƿƹŹ�ƶƐƤƳ�ĨƽƯ�ƶŰƠƇ�ǀƳŚƾƴƘƿ�ƾ�z = 0ƵŻřŶƳř�ĭǀźƽ�

ƯƾŶƳƺƃ��ƋźƟǀĩ�šŚǀŵŚƳ�ŽŚſřźŝ�ƞƸƃźƿ�ƲŤƟźĭ�ƵŶ�źŧřƋźƗ�Ɓźŝƾ�
Ţſř��ŵ�šŹŚŞƗ�ƶŝƿƜţ�źĮǀǀƶŤƀŝřƹ�ƪƯŚĩ�ŹƺƏ�ƶŝ�ƪĪƃ�ź�ƹ�Ƃưų�ƶŝ�
ƄĩǀĭŶƾƶŰƠƇ� ƪųřŵ�řƽŢſř�� �řƿƲƉźƟ��ƱŶƃ� źƠƇ� ƶŝ� źŬƴƯ�

ƶƠƫŒƯŚƷƽƋźƗ�ƂƳźĩ�ƾ�ƿƴƘƾ�zzå��xzã�ƹ�yzãŶƃ�ŶƷřƺų���řźŝŚƴŝƿ�Ʋ
řźŝƽƂƳźĩ�ŚƷƽƱřŹƹŵ� ƹ� Ĩģƺĩ�ŚƷƽŚŬŝŚū� ƎŝřƹŹ� ƎſƺŤƯ�ƾƿ��

Ż�ƪĪƃ�ƂƳźĩƿƯ�ŵƺų�ƶŝ�řŹ�źƾĭǀŶƳź���
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,ţźţ� ƶŝ�ǀřźƋ� ŜƿŤŴſ� ŜƾƯ� Źŵ�ǀ�ƱřŶ

źŤĪƫřƿĪƾě�Ţŝřƺŧ��ŢŝŚŧ�ǀźŤĪƫřƹżƿřźƋ�ƹ�Ĩƿ�ŜƿƟźƓ�Śǀŵ�ŢƽźŤĪƫřƿ�Ĩ
řźŝ�ŢŝŚŧ�Ƃƴţ�ŢƫŚů�Źŵƽ�ƶƬƇƹŚƷƽŶƴŤƀƷ�źĮƬưƗ�ƹ�źĮƀů���ió�ƹ�

iDƶƠƫŒƯ�ŚƷƽŚŬŝŚū�ƹ�Ƃƴţ�ƾƿźŤĪƫř�ƿĪƾŶƴŤƀƷ���ƺƳǇŚŝƿžŚƷƽ�a��ƹ
s�ƶŝ�ƶƬƇƹŚƷƽƯźŝ�źĮƀů�ƹ�źĮƬưƗ�ƾŶƳŵźĭ��řŹřŵ�ƢƏŚƴƯƽ�ƶƬƇƹŚƷƽ�
ěǀźŤĪƫřƹżƿŚƋŹř� źŝ� ƵƹǈƗ� ĨƽŚŝ� ƩŵŚƘţ� šǇŵŚƘƯ�ƿ�ŹŚŝ� ƶƫŵŚƘƯ� Ŷ

źŤĪƫřƿĪƾ�0 DŶƴƴĩ�ŚƋŹř�řŹ����źĭřƶƬƇƹŚƷŶƴƃŚŝ�ħŻŚƳ��Ư�ƾƱřƺţ�
ĩ�ƉźƟŵźƶƠƫŒƯ� ƶĩ�ŚƷƽ�x� ƹ�yƯ�ǀƱřŶŚƷƽŚŬŝŚū�ƾƿźŤĪƫř�ƿĪƾ�Źŵ�

ř�ŵřŶŤƯx�ƹ�y�ƱƹŹŵ�ƶƬƇƹřźŝŚƴŝ��ŶƴŤƀƷ�ŢŝŚŧ�ƿźŤĪƫř�ŹŚŝ�ƶƫŵŚƘƯ�ƲƿĪƾ�

�ƶŝ0
dz

dDzƯ�ƂƷŚĩ�ƾƿŶŝŚ���
��

æ�ç���ƩŶƯƶƬƇƹźĮƬưƗ���
ƀƳŚŤěǀźŤĪƫř�ƪƿĪƾ�ƱƹŹŵ�ƶƬƇƹ�šŹƺƇ�ƶŝ�ŢƯŚŴƋ�ŵřŶŤƯř�Źŵ�źĮƬưƗ�

Ư�ƉźƟ�ƹŵ�ƶūŹŵƾŵƺƃ���

sensor 

actuator 
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Z n 
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��

�ŵŹƺƯ� ŹŵƶƬƇƹŚƷƽƯ�ƉźƟ�źĮƬưƗ�ƾŚƷŵƹźŤĪƫř� ŵƺƃƾƿ�ŮƐſ�Źŵ�ƶĩ�
Ƭųřŵƾ�ƶƬƇƹǇ�ƿƶřƽ�ŶƳŹřŵ�Źřźƣ���Źŵ0zz �ưƷ��ǀƯŻ�ƶŝ�ƶƄǀ�ƪƇƹ�Ʋ

� ŶƴƃŚŝ�ƀƳŚŤěǀźƠƇ� ƪ� �� ƹƿƀƳŚŤě�Ĩǀ� ƪaVŚƷŵƹźŤĪƫř� Źŵ�ƽ�ŮƐſ�
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ƾưƳ�ƶĩ�ƶŤƃřŵ�ƾţřźǀǀƜţ�ƶƬƇƹƮƄģ�Ʊō�Żř�Ʊřƺţŵźĩ�ƾƃƺě��ƴĤưƷǀ�Ʋ
�ƱřƺƴƗ�ƶŝƿŤƳ�ĨǀžƳŚĩźƟ�ƮƸƯ�ƶŬŚƷƽ�ŵƺƯ�æ��è�ƹ�è�æ��ƮƷ�Śŝ�źĮƿŵ

ŶƴŤƀǀƳ�źŝřźŝ���
ř�Źŵ�Ŷƃ�ƶŤƠĭ�ƶĩ�ŹƺƐƳŚưƷƿ�Ʋ�ƩźŤƴĩ�Ɩŝřƺţ�Żř�ƢǀƤŰţPID�ƵŵŚƠŤſř�

ƾƯŵƺƃ� �� šǇŵŚƘƯ� Żř� ƵŵŚƠŤſř� Śŝ� ƲƿřźŝŚƴŝ�èå� �� ƹ�èæ� ��źƔƳ� Źŵ� ƹ
�ƶūŹŵ�ƲŤƟźĭƯźţŵǀźţŚƯ�ƱŚƴƿ�ž[Ct]�ƾƯ�Ƶŵřŵ�ƱŚƄƳ�ƾŤůřŹ�ƶŝ�ŵƺƃ

�ƶĩŝƶƬǀſƹ�ƶ�nƾƯ�ĨƿźŤĪƫřƹżǀě�ƶƬƇƹ�ŢƠū��ƽřźŝ�Ʊřƺţn�Ʃƹř�ŵƺƯ�
�ŵřŵ�ƭŚŬƳř�ŜƐƣ�ƵřƺŴƫŵ�ƾƷŶƿŚū�ƾƟŚĩ�ƹ�ƭŻǇ�ƍźƃ���řźŝŚƴŝƿ�Ʋřźŝƽ�

ƘƯ�ŵřŶƘţ�ƩźŤƴĩǀƴƾŚƷŵƺƯ�Żř�ƽơŹƹ���ŢƠū�ŵřŶƘţ�ƱŚưƷ�Żř�ƵŵŚƠŤſř�
ƹƟŚĩ� źĮƬưƗ� ƹ� źĮƀů� ƶƬƇƾ��ƭŻǇ� ƶƳ� ƹ��Ţſř��řźŝ� ƶĩ� ŚŬƳō� Żřƽ�

ưŴţǀŚŬŝŚū�ƲƾƿƋźƗ�ƾ�Żř�ơŹƹ�îŻř�řŸƫ�Ŷƃ�ŶƷřƺų�ƵŵŚƠŤſř�Ʃƹř�ŵƺƯ��
îŢſř�ƵŶƃ�ƵŵŚƠŤſř�ƶƬƇƹ�ŢƠū����
��
ç�é�ŵřŻō�ƁŚƘţŹř���

� Śŝ�ơŹƹ�ŵřŻō�ƁŚƘţŹřîƶƬƇƹ���ƪĪƃ��ç���ƹ�ƶǀƫƹř�Ǝƿřźƃ�źǀŧŐţ�ŢŰţ�

ƾƯ�ƾſŹźŝ�źƿŻ�ƩźŤƴĩ�ŜƿřźƋŵƺƃ���
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ƶƬƇƹ�Ǝſƹ� ƶƐƤƳ�ƾƿŚŬŝŚū�ƽŚƷæ� ƹ�ê�ƪĪƃ� Źŵ��é��ƞƫř�� ��ĥŚŤƫƹ� ƹ

�źĮƬưƗ�ƹ�źĮƀůê�ƪĪƃ�Źŵ��é�ś���ƵŶƃ�Ƶŵřŵ�ƱŚƄƳŶƳř���
ŜƐƣ�ŢƫŚů�Ʋƿř�Źŵ�ƮŤƀǀſ�ƽŚƷ�ƩƹŶū�Źŵ�ç��Ţſř�ƵŶƃ�ƵŵŹƹō� ��Śŝ

ŜƐƣ� ƶŝ� ƶūƺţ� ƪĪƃ� Żř� ƶĩ� ŹƺƐƳŚưƷ� ƮŤƀǀſ� ƽŚƷ�é�ƞƫř�� �Ƴ�żǀ
ƾƯ�ƶƔůǈƯŵƺƃƶĩ�Ţſř�ŮƋřƹ���Ɩƿźſ�ƾƬǀų�źţǇŚŝ�ƽŚƷŵƺƯ�ƱŚſƺƳ�
ƾƯ�ƂƷŚĩŶŝŚƿ� ��ƽřźŝ� ƽƹŚƀƯ� ƩźŤƴĩ�ŜƿřźƋ�ƽřŻř� ƶŝ� ƾƬĩ� ŹƺƏ� ƶŝ
ƶƬƇƹ�ƭŚưţƾƯ�űŹ�ŢƫŚů�Ʋƿř��ŚƷŶƷŵ���

��
è�é��ƽŹŚŞūř�ƁŚƘţŹř��

�Śŝ�ơŹƹ�ƽŹŚŞūř�ƁŚƘţŹřî�ƪĪƃ��ƶƬƇƹ��ç��ƶǀƫƹř�Ǝƿřźƃ�źǀŧŐţ�ŢŰţ��
źƠƇ�ƾĪǀƳŚĪƯ�ŹŚŝ�Ŷůřƹ�ƶƬě��ƾƯ�ƾſŹźŝ�źƿŻ�ƩźŤƴĩ�ŜƿřźƋ�ƹŵƺƃ���
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�ƩƹŶūæ��žƳŚĩźƟƶǀĪţ�Śŝ�ƶƬƇƹ�ƱƹŶŝ�ơŹƹ�ƾƘǀŞƏ�ƽŚƷƵŵŚſ�ƵŚĭ��

�žƿŶƳř�ŹřŶƤƯi�Źŵ�Ei(t) æ��ç��é��ê��è��ì��ë��í��î��
n , m æ�ƹ�æ��æ�ƹ�ç��ç�ƹ�æ��ç�ƹ�ç��æ�ƹ�è��è�ƹ�æ��ç�ƹ�è��è�ƹ�ç��è�ƹ�è��

žƳŚĩźƟ�(rad/s) ìê�éèå��íì�æåìë��íì�æåìë��åå�æìçè��ìê�çæêè��ìê�çæêè��íì�çìîî��íì�çìîî��ìê�èíìë��
��
��

�ƩƹŶūç��ŜƐƣŵřŻō�ƁŚƘţŹř�ƩŚŨƯ�Źŵ�ƮŤƀǀſ�ƽŚƷ 

   �    �ŵƺƯæƹæ�(n,m) -  2.47    476.55 i 

�ŵƺƯæƹç���-13.87  1262.18 i 

�ŵƺƯçƹæ���-13.87  1262.17 i 

�ŵƺƯçƹç���-33.41  1940.83 i 

�ŵƺƯæƹè���-51.23  2589.01 i 

�ŵƺƯèƹæ���-54.35  2640.19 i 

�ŵƺƯçƹè���-85.47  3221.71 i 

�ŵƺƯèƹç���-85.47  3221.71 i 
�ŵƺƯèƹè���-159.014392.13 i 

��

��
�ƪĪƃÏ��ƶǀĪţ�Śŝ�ơŹƹƶƬƇƹ�Śŝ�ƵřźưƷ�ƵŵŚſ�ƵŚĭ�ƽŚƷ

ĨƿźŤĪƫřƹżǀě��
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Sensor 
Actuator 

PZT properties: 
         E=126 GPa 
         12=0.2 
         =7500 kg/m3 
         e31=6.5 C/m2 
         33=1.5e-8 F/m 

 
Aluminum properties: 
         E=126 GPa 
         12=0.3 
         =2800 kg/m3
��

�ƶŝ�ŵŚƘŝřmmŶƴŤƀƷ���
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Freq = 524.1077  rad/s                          Freq = 1366.463  rad/s                  Freq = 2780.324  rad/s 

m=1   n=1   i=1                                    m=1   n=2   i=2                             m=1   n=3   i=3 

��
Freq = 1366.463  rad/s                         Freq = 2106.231  rad/s                  Freq = 3478.506  rad/s 

m=2   n=1   i=4                                    m=2   n=2   i=5                             m=2   n=3   i=6 

��
Freq = 2836.378 rad                             Freq = 3478.506  rad/s                  Freq = 4745.109  rad/s 

m=3   n=1   i=7                                    m=3   n=2   i=8                             m=3   n=3   i=9 
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�ƪĪƃÐ��žƳŚĩźƟĚǀƃŵƺƯ�ƹ�ƾƘǀŞƏ�ƽŚƷƶƬƇƹ�ơŹƹ�ƽŚƷƶǀĪţ�Śŝ�Źřŵ�ƹ�ƵŵŚſ�ƵŚĭ�žƿŶƳř�ŹřŶƤƯi�Źŵ�Ei(t)��
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�ƞƫř�������������������������������������������������������������������������������������������������ś�� �
�ƪĪƃÑ����ƞƫř���ƍŚƤƳ�ƾƿŚŬŝŚūÎ�ƹ�ÒƞƬŤŴƯ�ƾƳŚƯŻ�ƵŻŚŝ�ƹŵ�Źŵ�ƹ�ŵřŻō�ƁŚƘţŹř�ƩŚŨƯ�Źŵ���

ś���ƵŹŚưƃ�źĮƬưƗ�ƹ�źĮƀů�ĥŚŤƫƹÒŵřŻō�ƁŚƘţŹř�ƩŚŨƯ�Źŵ�� �
��

ŢƿżƯ�Żř�ƾĪƿ�ƮƸƯ�ŹŚǀƀŝ�ƽŚƷ�ƶŝ�Śŝ�ƶĩ�Ţſř�Ʊō�ƵŶƃ�ƵŵŚƠŤſř�ƁƹŹ
�ŜƿřźƋ�ƱŵŹƹō�ŢſŵEi(t)� ƶƫŵŚƘƯ� ƶŝ� ƶūƺţ� Śŝ��çî�ƾƯ� ��źǀŧŐţ�Ʊřƺţ

ŵźĩ�ƾſŹźŝ�řŹ�ŚƷŵƺƯ�Żř�Ĩƿ�źƷ�ŹŚŤƟŹ�źŝ�ƵŶƃ�śŚŴŤƳř�ƩźŤƴĩ�ŜƿřźƋ����
�ƪĪƃ�Źŵ�ê���ŜƿřźƋ�ŹřŵƺưƳEi(t)Ţſř�ƵŶƃ�ƵŵŹƹō�ƱŚƯŻ�Ŝƀů�źŝ���

�ŜƿřźƋ�ƎƤƟ�ƪĪƃ�Ʋƿř�ŹŵE1(t)�ƹ�E7(t)�ƹ�E9(t)ƄƳ�ƵŶƃ�Ƶŵřŵ�ƱŚŶƳř��
ƾƯ�ĨƿźŰţ�ƱŹŚƤŤƯ�ƽŚƷŵƺƯ�ƎƤƟ�ƹ�Ƶŵƺŝ�ƱŹŚƤŤƯ�ƽŹřŸĭŹŚŝ�řźƿŻ�ŶƳƺƃ

ŶƴŤƀƷ�źƠƇ�ŜƿřźƋ�źƿŚſ�řŸƫ�ƹ���
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�ƪĪƃÒ���ŜƿřźƋEi(t)Śŝ�źǀŧŐţ�ŢŰţ�ŹƶƬě�Ŷůřƹ�ƽř��

��

ƩźŤƴĩ�ŜǀĩźţƵŶƴƴĩƢŤƄƯ�ƹ�ƾŞſŚƴţ�ƽŚƷƾƯ�źǀĭ�ŵŚŬƿř�ƽŹřŶƿŚě�ŶƳřƺţ
ƩźŤƴĩ�Żř�ƵŵŚƠŤſř�ŚƯř�ŶƴĩƵŶƴƴĩƩřźĮŤƳř�ƾƯ�ŦƗŚŝ�źǀĭ�ƽŚƐų�ƶĩ�ŵƺƃ
ŵƺƃ�źƠƇ�ƮŤƀǀſ�ŹŚĭŶƳŚƯ���ƪĪƃ�Źŵ�ë���Ǝſƹ�ƍŚƤƳ�ƾƿŚŬŝŚū�ŹřŵƺưƳ

ƶƬƇƹ�ƽŚƷæ� ƹ�ê� ƹ�îŢſř� ƵŶƃ� Ƶŵřŵ�ƱŚƄƳ�� ��ƶƔůǈƯ�ƶĩ� ŹƺƐƳŚưƷ
ƾƯƩźŤƴĩ� Żř� ƵŵŚƠŤſř� źǀŧŐţ� ŵƺƃƵŶƴƴĩ�ƩřźĮŤƳř�ƶūƺţ�ƪŝŚƣ� ŹŚǀƀŝ� źǀĭ

ƾƯ�ŹŚĭŶƳŚƯ�ƽŚƐų�ƱŶƃ�źƠƇ�ŦƗŚŝ�ƹ�Ţſřŵƺƃ��ŚŬŝŚū�ƍŚƤƳ�ƾƿæ�ƹ�
îŢſř� źŝřźŝ� ƮƷ� Śŝ� ƶƬŘƀƯ� ƱŹŚƤţ� ŢƬƗ� ƶŝ�� �� ƪĪƃ� Źŵ�ì� ��ŹřŵƺưƳ

� ƵŹŚưƃ�ƽŚƷźĮƬưƗ�ƹ� ŚƷźĮƀů�ƾĪƿźŤĪƫř�ƪǀƀƳŚŤěæ�ƹ�ê�Ƶŵřŵ�ƱŚƄƳ�
Ţſř� ƵŶƃ� ��źƠƇ� ƶŝ� ƱŚƯŻ� ƂƿřżƟř� Śŝ� ŚƷźĮƀů� ƾĪƿźŤĪƫř� ƪǀƀƳŚŤě���

ƾƯŶſŹ� ��ŹřŶƤƯ� ƶŝ� ƹ� ƶŤƟŚƿ�ƂƿřżƟř� ŚƷźĮƬưƗ� ƾĪƿźŤĪƫř� ƪǀƀƳŚŤě� ŚƯř
ƾƯ�ƾŤŝŚŧŶſŹƾƯ�źƠƇ�Ʊō�ƁŚƘţŹř�ƾƫƹ��ŵƺƃ���ŶƳŚưƀě�ƽŚƷĥŚŤƫƹ�Ʋƿř

ƩźŤƴĩ�źǀŧŐţ�ŢŰţƩřźĮŤƳř�ƵŶƴƴĩŢſř�ƵŶƯō�ŵƺūƹ�ƶŝ�ŚƷźĮƬưƗ�Źŵ�źǀĭ��
�Źŵ� ƭŻǇ� ĥŚŤƫƹ� ŹřŶƤƯ� ŚƷŹřŵƺưƳ� Ʋƿř� ƾƿŚƸƳ� ŹřŶƤƯ� źĮƿŵ� šŹŚŞƗ� ƶŝ

ƾƯ�ƱŚƄƳ� řŹ�ŚƷźĮƬưƗ�ŵƺų�ƶǀƫƹř�ŢƫŚů�Źŵ�ơŹƹ�ŚƸƳō�ƽřŻř�ƶŝ�ƶĩ�ŶƷŵ
ƾƯ� ƶŤƃřŵ� ƶĮƳŵƺƃ� �ƺưƳ� Ʋƿř�ƵŵŹƹō� Ţſŵ� ƶŝ� ŹŚŝ� Ʋǀƫƹř� ƽřźŝ� ŚƷŹřŵ

ƵŶƃƾƯ� ƪů� ƁƹŹ� Ʋƿř� šŹŶƣ� ƵŶƴƷŵ� ƱŚƄƳ� Ʋƿř� ƶĩ� ŶƳřŶƃŚŝ���źŧř
ƶƬƇƹ� ƾƫźŤƴĩŢſř� źǀĮưƄģ� ŹŚǀƀŝ� ŶƿŶƄţ� ƵŶƿŶě� źŝ� ŚƷ� ��ŜƿřźƋ

ƩźŤƴĩ�šŹƺƇ�ƶŝ�ƵŶƴƴĩ01010001 . , G , GG i
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i
p �ƶĩ�9,...,1i��ƹ
Ʃƹř�ƾƘǀŞƏ�žƳŚĩźƟ�Źŵ�ĨǀƳƺƯŹŚƷ�ƾĪǀƳŚĪƯ�ŹŚŝ�źƿŻ�šŹƺƇ�ƶŝ�ơŹƹ�

ŵƯ�ƶŤƟźĭ�źƔƳ�Źƾŵƺƃ���
2/      )1.524sin(100),,( mNttyxq  
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