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ARTICLE INFORMATION ABSTRACT

Original Research Paper In this paper, behavior of functionally graded rubbers with large deformation has been modeled under
Received 15 August 2015 different loading conditions. Rubbers have been assumed incompressible hyperelastic material. In the
Accepted 12 October 2015 first section of this paper, behavior of isotropic FG rubber has been investigated in uniaxial extension,
Available Online 08 November 2015 G . . . . ; . .
equibiaxial extension and pure shear. In the second section, behavior of isotropic FG rubber is

Keywords: investigated in mechanical and thermal loads, simultaneously. For this purpose, multiplicative
Hypere|a5{ic material decomposition of deformation gradient tensor has been used. At last, behavior of transversely isotropic
Finite deformation FG rubber has been investigated in uniaxial extension, equibiaxial extension and pure shear. Material
Rubber

properties vary continuously in different specific direction in FG hyperelastic materials. For modeling
nonlinear behavior of hyperelastic materials, strain energy functions are used. Strain energy functions
are function of invariants of left Cauchy-Green stretch tensor. Modification in strain energy functions is
required in order to for them to be used as FG rubbers. For this purpose, material constants of strain
energy functions have been assumed to vary exponentially in the axial direction of bar. Moreover,
stretches in different points of the bar are considered to be function of material properties variation in
the length direction. Analytical solution has been compared with experimental data and good
agreement has been found between them, therefore the proposed constitutive law has modeled material
behavior with a proper approximation.

Functionally graded materials
Transversely Isotropic

Olye diilom Sy dlge 5 LSaLY (K58 Caols o imsly dodo -1
Jio gonl> olge b awslie o) oS sle i cos oyl ol (s pds S slcdl 5 b pgd ool doyogi¥l o slge 5l ol slaaiws
037 yslo as LSV el 155 ezt i & 25 (Soly 5 (S5 5 e s |y Saa¥liple S5 sla S s ol (Sojgls

Please cite this article using: “awlod okl Jud ©yle 5l Ao (ol 4 gl ) gl

Y. Anani, Gh. H. Rahimi, Modeling of hyperelastic behavior of functionally graded rubber under mechanical and thermal load, Modares Mechanical Engineering, Vol. 15, No. 11,
pp. 359-366, 2015 (In Persian)


www.sid.ir
http://daneshresan.com/

AS gxinua |y allie Ylgie 9 Juslas dzalye DaneshResan.com —ylus 4 allas O WORD U8 asgs oagn
Subbue S9ag0 wisbw gl p3 w )l Allie ug.d.l.n\‘)luiau

o) oML 9 (Silie yob

b 9 STl WIS HL o b T L—,Lmu S S Y SVl HUS) bl de

UL E 5 K0 s b gSidgend 0 )8, Jdow o )bl (Sl ol
9 [O] sl ools plmil aiblpeens (oS 9a 95 (g5l &b 8,5 L
|) O 9 L) Lg)‘;xf)lg Cod %Y‘ﬁu Lgl.cbﬁ.? L}MJLQS TS N
.[6] Sl 0000 )bﬁ WP )90 ).o.b
OB (248 g il (YRad Cards )0 09250 Slge ST S0 B b
Slusyd 5l (S ogh g0 oolatul laly, (gile cole (glp LS wlge o9
el dlge (2,8 sl eolaiul ( Kaal Sl 28 5l o gl o)l
om0l z e Real olge o)L ,0 oYl jLac] [7] e bz
sl jo & (b e (Kol Slse Sk psijsrem 50 SIS 2
L olge cpl el anw; ,o (1991) o554 (EBY 4O [98] sl
5 Sl owyp [10] 05 @l (lae 5550 51 52,5 g, 5l eolid
s b b ziue Keal dlge l sadaisle b ojle Sl
HSe (Jle Glaie @ cwl xSl 1, Gladxe 5l 6 aas axgi alldS
) s Sl T o5 bl 5 sl ) o
Sloe sy slp dos o blu Koo ciegh o [11] sges al))
S [12] el oo5_o.3 45‘)| 6-o~.> Lg)bf)l.: o <5’UL’ Ty u.io!bl.a
oS o seyimn 5 sorels Slya oS b )3, tr iy 5 S5
b e SV L) Glls A eaiy Dlogzge slacdl g lapgd g
5 =05 olo SaYlols LS, Oige a |y ol olg e aS—aiies
N C VUL I VIS FE PR C 0] Ey s O g | E S B S Y
a1, olge cpl Glgn el cpl o Bocel gl g sle @Yol
Moo (@dly 10 0505 (g 3lwancd |y wilaidl sl )8 slaos IS g o gaue;ls
)Ll_é) 5 05)[.6 FLRR VTS Lgo‘yo 6:.:[; T u.io.bl.’ g_iu_wy‘).uLb
aais @ ahati SO 5l dwg b 4 0 o] Sl eles (S ole
oo Slge s Sle a4 S e S e Ll o S0
b g0 Wl s SRed pf aigd oo b 500 oole 4 glools I oz,
Lo Vb loo b lamee SO L oles 31 0 b g leeSCaiw jamnl 1S asl 48
U e Keal Sl )L gl ogl sbml YL Saus oS!
sgbal g i p o Lo [13] as asle oKiaslejl o 1auSGl lawgs
g S AT L cov S Clead (g9, g |, el OIS
4 SUGE B aw 55 %00 Ghagh 5o [14] wisS gy p By
ai y Keal Sy olhd 69y 5 Sl (6050 SIS aw )y
b shas o Kol @udel Jlaz e J18) gy 4 5 15 s {15]
,5.[16] el Al goae o gy sl eolaiwl L I sle K0 o
SIS L o b pgd g laSeiny Slplam Sy S8, (ow) 2 ogas
Cowl ol pll l)Sen 5 Slie lawgd jidgh 90 0,90me ST yiAS
Bl J> 5 il 4 3 ohlSes 5 e [1817]
J19] wlassls 1y SO yngiso el Jdo (g, b pdoli o515 amasn¥l oo
dolee dllie ol pgo 9 Jol 25 50 Vb 0ad S8 Plue @ azgs b
O ,Sluer pdil o515 SawYliole oole I cabasle ale g, L5l
5 SolSe Hlojen (6,105 L g (SlSe (6 )l08 )L Co (b z e Keal
@ S s QLS el pLolS (2pe ad leslill b Sl
3, Slead il o515 bz 00 Keal SVl ole cole jl sadasle

ool bl yo ol as 3 18 o e Sl &I L e glaman

11 D)Lo.nﬁu 15 )9 1394 O (RIS \-gulio Wi

s cdeegl mlio ;o (655 oS 0238 Dlakad L3l )| @ale (lgre 4
4 3lge pluw g o)l 8 glays Glajl oyxe jo a5 Slalad o il
g oobe g5 4 Al Glev e |y Slge (Sl JL8, (S jobo 4 g, (o0 8
Godiws Akt palie Cov sabaid 5 a0 o lp a5 o8
Soxd 5 e sleasly o eoliiul Syse slge Gl (g ke oges
2 ilge 6550 oS Gl e SOt 5o 50 g 00 SIS
b 033, e o) 4 S5t i I 5 S s o5 (5l
p3Y 5o hulpd po 0gd w88 S o ol ady gl e el (A
Lo JoB b8 S0 s 51U 0gd (yuoud 00lo 3l iy oolazl ol
b Slagsle ool Jee 53 55 52m 5Khee PS5 ankd et
sloylid) (25,5 5 5 Jelos sl plohe, 008 [Last o b Wil e
5355 o b 5 o Alie ol Ll 9,5 alp a5 5 50 asle
byl s pSosll sl (2285 Gl S5 sl 8, 9,5 oo sl
Lol pols 08 Sy 4 bgye Sl plnil 6l (2lagts; 5 o
sl 435 e (gle o3l g ailer St o olga 5,15 a5
bt sladulos dagl Jld) Julow 4 5l 5 e gl o by
Sl E¥oles o 1d ol ol 4155 15 paiizes il a5 800
ey a1y oole lis, wilgny a5 —oole (g)ld, Alolas 4y g yiwd pas g
GbFpe S Hlie hlee >0 cdee Sl 90 mwiled Gaross
Sl by, 093859y Clrie 9 L ggnelS A0S g drwgs b ol
Cowl 00y Byl (60900 U Jol JSin cogazma slizl g, das 5l (go0e
o2 Sl «SeiYliole slge joCud ouile (BU limes gy St Jy
(adsl Jsbo 0 sl Jsbo o) 5-10 asgusme 1o Ygomo 225 ke
Coxd Sen el 5l eole 1) col oz o puiS= 15 Jove g col
dose Olye 4 ]y (pomie oo (i SasS la S (gl S oS
oLy s S el S G dgas j0 a5 0,5 (i Al
oS il e el b avolie o boSain ol il Joko s
S i iS mersSle 5 JSuly K5 200 s50> lag] ¥l Jsone
oSty (o (6 pdieiir WS B 09 oo el sl 101 g0 Loy
bt et SVl 5, bl 42 syzg Bl e i Slialy
Blite 1 Sopd ey ) eslitud b wlge sl Sain olga
6255 wemsS S 5595 S 2le (6555 Sl eolitul b g b J5SUge
95 097 ol bawgi oS« (JeSIge 9 Sl 4D (65955 (A5 slawsly
[3-1] ol ooty oy IS5le g prmno ¢ 23 San g Blicy gl 5 s
Widlios (oulidodny p (e &5 2l by, Sl eslitulb b g 05l ola

sy d JoNse slaghy, 5l oslitul b oS 555l @lys 005 aroy
o ng ML’@ G‘OL> oole LPPaTe g 099 O0duTt 95""’“ A g g0
P dwgy farme S D90 4 oole (ewlilionssy (e slols,
2 Ysano &5 00,5 0 glienl (255 @55l S8z b Ko s opdis
oole as e JLs, ols lis cye cwl IS s slaly gl s
oS b 5 eslinul b culgs ol el 5l sole culs paiz 4 Ysoss
B, g ogas 50 30,5 e et o0le (g, caball sl il
5 g ol 00l alowl g slasiale;] el b SiinY ¥l ol
)y ooy s, Wle a8 alise 65, mlss 4l 4 ki o3l )]
S35 &b 55 @l cnl g e alex il wles Ol (29>
sl ol 18, ogas 50 [A] sl o9ty (ST (S 90 95 (5 Sge

360


www.sid.ir
http://daneshresan.com/

AS gxinua |y allie Ylgie 9 Juslas dzalye DaneshResan.com —ylus 4 allas O WORD U8 asgs oagn
Subbue S9ag0 wisbw gl p3 w )l Allie ug.d.l.n\‘)luiau

o) oML 9 (Silie yob

b 9 STl WIS HL o b T L—,Lmu S S Y SVl HUS) bl de

el 1 39500 (23 () = 20 (F) S0 & oo Job s (FontS

a0 o 20 (7) i’ 0
lo L ol | 0O 0
RN S e
|lo 0 ijl 0 0 !
. | 6] @

o ol j0 05h s B=C oyg0me S miS (6,080 b o

WNgdoo Ol p) Sy 4 B ()8 - 89S i S0 e el

o [ o o)
CzB:llo r°J|=| ° g O @)
RS l o 0 AOE)J

oS98 o5 655 b -1-3

A W =p()( = 3) S o5 655 &b Syse w55 &b

5 ks (iS50 oole (b Jgse Silo it o5 [4] g0 i85

(= e oReal olge gl iu o oml e ol Al

0S99 55 (55l @l il Sgdie 43,5 L s () = wyexp (7)

il 125 Oj90 a4 (2B s (Keal Sl sl

W = o exp G) (I, - 3) (4)
& pj Oype 4 65l @b (4) dolee 0B slaloygl gpols 13 L

ZAJ‘SA Cewd
x x~ [ 2o® (5)3 +2
W = p, exp (7) (I, —3) = pyexp (7) (W - 3) (5)
aalise s @ 5 D50 bsS 5 (1) abad, Sl eslizal L

2

L
Ao (7) 0 0
1
10 0 I P T
o=-p [O 1 O] + 2, exp (7) A (5)
0 0 1 l .
0 0
| L] 6
e Cand 4 p g0 4 5L Jlesl sl o i
X XN 2
0, = —p + 21y exp (7) 2,2 (T) 7)
Byp =akal, 5 0, =03 =0 byt | eslital b Sslinlyue lud
Y s Sewd & B3y = B, 7%
xy 1
p= 2|J.0 exp (7) (8)

b (7)

G 9 0497T0 S5 6)"35)L.’ cJl> 5o Lg)tlé-Lw d.b.g‘) u.sLe‘.o 5o
1] oo Camd ) ) O ygo a4 la oS

01 = 21 exp (%C) (— L + 2,° (%)2) (9)

Aox
0)970 ST (S9y Sz 4O &y (qudige RS g Ay (SoeiS aka,
3 ceolainl 0j50 oy glaesls Ll 4 =1+ g Ohg0 4 c0nds Jles!
oo ialesT Sty (gl 5 (Swsliul cdls o Saas- 15 sls loges
b Ginlej] ( Seilil s cll> 50 [20] el oais zlyseiul jsb 5 lawgs

1
00,5 JBlas g, 5l eslitwl b .ogd o plxsl 0.001 (@) S, F

o8l 50 ] e caws @ o = 0.113 (JubEs) lade dallas la e

361

o b el Cowd ds s g o&.&bz‘)ﬁn’w‘ oSl SYoles alin
CBS e 9905 o dslie (s Sla s )l3S 5L 0 09290 Gmli.i‘.iuﬂ

Lo | o > -2
Ole ») Soge 4 «Soislen sl Loy by Syl s,
30,5
Gl Gao (s (ol 00,5 o 2,8 T easl Sl ool i3, ]
Loy ool glos o w85 Oyeo s JSS mis o Yol a5
Fr 5l JEe g ol dgmge 2,5 al LS 55 «SSLLI
heaS il oole b, Ll g conl IS0 azsu b g S
ol 3,5 o B S o sy (S S o o el
PO g o3
oSy oz Jgdo 1S oo Conglio pm puss blio po 00le (o
Slge cpl shp Jode )l oS Jlews L85, Ceoglie oole (C
o Syls T iy Jose § 5 SrsS 43,2 100000
ol oo iali8l dles ol33l L
STR LI SOOIV PR LUNULSN) Y] JURY T P ST SUWIG-W I I et |
A b b (o855 655 b oS Sl cnl 2 (28 698 nl ol b
B, S o a S0 s gla Lol S glad o W = W(F) eaio pusd
, " g W " .
[4] w2l 535 0= G(F) =J7'F - alal, 0 g0 lge sl o5 09
F oo 5 JS s ol il o F oS 5 j9uils 05
50 adgl gan S a4 s S s slaanl b jo b 25 lawgs sodplsl
lacol 5715 (gloyd bl adls (Soww t (3loj 5o 2led oS 5 to Olej
Caxdan a0, (ol ool by 55 i ooy 13X gole Slaitus o
Sygo b Fo S0 0 (Lol 3 IS0 s 3 o cx = x(X,t) o
I pw Gloyedl o F 5l colatul b oogd oy ,ai F = 0x/ 0X
S B=FFT C=FTF Sy00 & o & a5 o (5 oS

.JJO; <

6 e Sl 3 Siluod il o515 -3

5 ool b 5 99 co o0 Iy = det(B) = 1«3yl (ST slo S o
5 2L o813 S¥lols slge slp 5 bl aal) 4] ubis, b,
B Ol p Dyge 4 0 Slaes

ow oW
=—pl+2|—B+— — B2 1
o =—pl 2(611 B 3L, (I,B-B )> (1)

sl bS5 SOy el Solialg,s b p oS
Slabozraiz &g 4 a5 Sl (8655 Joily 655 @6 W =W (I, 1)
Slo b I3 g Iy a5 sgd oo 43,5 i 5 (I —3) (I, — 3) _wlaly
2l o B el
5 S 65, s b gyt oSenl S ols al
byl s a4 dlee cpl 5l alais o olnle 0gd g0 485 a5 1 095
dlie cpl jo ol abe Jsb 5l (ol Sygo @ el Job o (SSeal

11 O)Lm’b A5 ©)93 1394 B ] \_{L‘l&b W0


www.sid.ir
http://daneshresan.com/

o) oo ML 9 (Silie ol

I 9 Sl WIS HL o b T L-,:A.N.i S Suiw Y Sy uld HUS) il de

N Y Y N O

=1 A3 =7

REARERE

Fig. ¥ Planner tension test specimen outline (Pure shear)

5 0ypoe 90 iS55l 50 (6,58 @l 5 ogzge ALl @l
56@&’;{&)’1 C"L"’ dslie .ol 0 QL:J453 sl Ko o jase o
Klg5 oo o295 Sl o B b ) 54 (6,95 a5 el ol Sl (5,95
l DAZR iy 9 y5Pe 9O WS LgLaLg)]Q\f)Lg 4 &@vlﬁu 0‘9.4 Ska,

Soled Joe 5

o b zade Keab 3 Slud il o515 oy -4
Gl (S Oloyoi (5105 b

2 SeYlse gl Jao il glpy bly, p il 5l (SO

Slouond ay IS8 s (LolS (o0 el eoliiul )5 sla )8

iy (Sedgngs 5 2,5 dawgi b el a5 Cenl GVl s g S

Joe slp IS8 s QLS 0 w325 55 a5 ol o [4] w08

S 500 IS slhe g ) py8 4 Sy IS i gl a5 a5y,

g g0 48,8

F = Fy Ry, (14)
0Ll ol 4 Fig Fr g s oo plis ) (ST JSCS i (LS F

235 QLSS Fr el (Sile 5 (1o S5 i 4 ataly IS8 s

Pydise Ol ) Doge 4y Sel (Sl S

Fr =y(T)I (15)
S (05 SzeS g (Job blucil oo g Leo I Jaee (28 L

Sl I8 s @ (SSle S8 ot b Al o 551> sla S

Beber Ol ) Ojge &
Y(T)=1+aT =1+ a(6 — 6,) (V%)

1l 00 p Opge a4 (IS s GblS el L o
J=Julr (17)

® Experimental data
Proposed exponential model
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Fig. ¥ Cauchy stress vs. extension ratio in equibiaxial extension of
isotropic functionally graded hyperelastic material
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Fig. ¥ Cauchy stress vs. extension ratio in pure shear of isotropic
functionally graded hyperelastic material
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Fig.V Cauchy stress vs. extension ratio of isotropic functionally graded
hyperelastic material in simultaneous thermal loading and equibiaxial
mechanical extension

U 70w Kedl SVl ola sole o SawiS cas p g8 iS5 1SS
S 9 0970 93 (S Gleyen (5L Lo o Kilas

Slaws ol Sglate ol 8, Klaeal oyl bl ;o ools a5 aasuive
T RSP PEPL ISRV S-SV ¥ IWON-J PORPRIC ¥ IWON-Y ER PO PP
5 Ogef g attine S 0 oske let 9wl 0, Slied Djge A Ao
O Sl 5l (pan 4 plgioe Sl (pl Aoz 1SS (6 i azmio
20 edilegh gl CujgmelS rized 0 pb ailie b g g8l 5wl
2 S e A S e 8 0lse sl ans (ol o 58 ele bl S
GM daie 4z b poe 0 lees oole A LB5S el
[4] 0058 oo iy 25 90
o =g(F.M @ M) (36)
daseino Glwly (oo, 0, SKlies AL ST Sl ule colo o
ol S o e M o b adls S e cdls jo (60,5l
Dygo & Al JSO 5esd Sl 0 0 Slaos axio  d90s )by Ojs0
yoodle (Slasas o, Slueal dlge (65,51 b 0edh o o mM=FM
g Sz 5l ol a5l 58 00 (sloyl g0 mll B il slals gl
Blise g Doge d g Sed B 9l 5 (69,5 lsals anasie gl
IL,=m'm (37)
Is = m- (Bm) (38)
Oyl cglaas 0 Sl pdl oS15 Sl ols olss o

® Experimental data

Proposed exponential model

= == Power law model /
o

5

Fig. A Cauchy stress vs. extension ratio of isotropic functionally graded
hyperelastic material in simultaneous thermal and pure shear
mechanical loading
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Fig. ¥ Cauchy stress vs. extension ratio of isotropic functionally graded
hyperelastic material in simultaneous thermal loading and uniaxial
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Fig. 4 Cauchy stress vs. extension ratio in uniaxial extension of
transversely isotropic functionally graded hyperelastic material
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Fig. Y« Cauchy stress vs. extension ratio in equibiaxial of transversely
isotropic functionally graded hyperelastic material
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